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1. Introduction
The history of the Lebesgue–Nagell equation
x2 + D = yn, x, y, D,n ∈ N, n 3 (1.1)
is very rich. Recently, several authors become interested in the case when D is the power of a ﬁxed
prime number q, that is to say,
x2 + qm = yn, x, y,q,m,n ∈ N, n 3, q is a prime. (1.2)
* Corresponding author at: School of Mathematical Sciences, Xiamen University, Xiamen 361005, PR China.
E-mail addresses: hlzhu@xmu.edu.cn (H.L. Zhu), lemaohua2008@163.com (M.H. Le).0022-314X/$ – see front matter Crown Copyright © 2010 Published by Elsevier Inc. All rights reserved.
doi:10.1016/j.jnt.2010.09.009
H.L. Zhu, M.H. Le / Journal of Number Theory 131 (2011) 458–469 459For example, Cohn [12], Arif and Abu Muriefah [3], Cohn [13], Le [16] solved (1.2) for q = 2. Arif
and Abu Muriefah [5,4], Luca [19], Tao [23] solved (1.2) for q = 3. Arif and Abu Muriefah [2],
Abu Muriefah [1] and Tao [24] solved certain special cases of (1.2) for q = 5. Siksek and Cre-
mona [22] researched the Diophantine equation x2 + 7 = yn , x, y,n ∈ N, n  3. Bugeaud, Mignotte
and Siksek [11] proved that all solutions of x2 + 7 = yn , x, y,n ∈ N, n  3 are (x, y,n) =
(1,2,3), (3,2,4), (5,2,5), (11,2,7), (181,2,15). Luca [20] also solved a special case of (1.2) for
q = 7 and found all the primitive solutions of x2 + 72k = yn , x, y,k,n ∈ N, n  3 are (x, y,k,n) =
(24,5,1,4), (524,65,1,3). The following diﬃcult unsolved equation remains
x2 + 72k+1 = yn, x, y,k,n ∈ N, n 3. (1.3)
As has been known, there are only 9 values of D , whose class number of imaginary quadratic
ﬁelds Q (
√−D ) is one, that is D = 1,2,3,7,11,19,43,67,163. Lebesque [17] proved that there are
no solutions for D = 1. Except D = 1, all values of D above are primes. When D = 2,3,7, (1.2) has
been studied by many authors. When D = 11,19,43,67,163, Saradha and Srinivasan [21] gave partial
results on (1.2). Since D = 11,19,43,67,163 satisfy D ≡ 3 (mod 8), we can solve (1.2) based on some
known results and elementary arguments. In this paper, we proved the following result:
Theorem 1. All solutions of the equation
x2 + qm = yn, x, y,m,n ∈ N, n 3, q ∈ {11,19,43,67,163} (1.4)
are
q = 11, x = 2 · 113M , y = 5 · 112M , m = 6M + 2, n = 3,
q = 11, x = 4 · 113M , y = 3 · 112M , m = 6M + 1, n = 3,
q = 11, x = 58 · 113M , y = 15 · 112M , m = 6M + 1, n = 3,
q = 11, x = 9324 · 113M , y = 443 · 112M , m = 6M + 3, n = 3,
q = 19, x = 18 · 193M , y = 7 · 192M , m = 6M + 1, n = 3,
q = 19, x = 22434 · 195M , y = 55 · 192M , m = 10M + 1, n = 5,
q = 67, x = 110 · 673M , y = 23 · 672M , m = 6M + 1, n = 3,
where M  0 is any integer.
2. Preliminaries
Lemma 1. (See [11, Appendix A].) All solutions of the equation
x2 + q = yn, x, y,n ∈ N, n 3, q ∈ {11,19,43,67}
are given by q = 11, (x, y,n) = (4,3,3), (58,15,3); q = 19, (x, y,n) = (18,7,3), (22434,55,5); q = 67,
(x, y,n) = (110,23,3).
Lemma 2. (See [6].) The equation
x2 + q2k+1 = yn,
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h is the class number of the ﬁeld Q(
√−q ), has exactly two families of solutions given by
q = 19, n = 5, k = 5M, x = 22434 · 195M , y = 55 · 192M ,
q = 341, n = 5, k = 5M, x = 2759646 · 3415M , y = 377 · 3412M .
Lemma 3. (See [8].) Consider equation
x2 + p2k = yn
in integer unknowns x, y,n,k satisfying x  1, y > 1, n  3 prime, k  0 and (x, y) = 1 and suppose that
2 p < 100 is a prime. Then all solutions of the equation are
(x, y, p,n,k) ∈ {(11,5,2,3,1), (46,13,3,3,2), (524,65,7,3,1), (2,5,11,3,1), (278,5,29,7,1),
(38,5,41,5,1), (52,17,47,3,1), (1405096,12545,97,3,1)
}
.
Let α, β be two algebraic numbers. If α + β and αβ are non-zero coprime rational integers and
α
β
is not a root of unity, we call (α,β) as a Lucas pair. Given a Lucas pair (α,β), one deﬁnes the
corresponding sequence of Lucas numbers by
Ln(α,β) = α
n − βn
α − β (n = 0,1,2, . . .). (2.1)
All Lucas numbers are rational integers. A prime number p is a primitive divisor of Ln(α,β) if p|Ln(α,β)
and p  (α − β)2L1(α,β) · · · Ln−1(α,β). Let us say that an integer n is totally non-defective if no Lucas
pair is n-defective.
Lemma 4. (See [9].) Every integer n > 30 is totally non-defective.
Lemma 5. (See [7, Theorem 1.2].) Suppose that n 7 is prime. If
(C,α0) ∈
{
(1,2), (3,2), (5,6), (7,4), (11,2), (13,2), (15,6), (17,6)
}
,
then the equation
xn + 2α yn = Cz2
has no solutions in non-zero pairwise coprime integers (x, y, z) with xy = 1 and integers α  α0 , unless,
possibly, n C or (C,α,n) = (11,3,13).
Lemma 6. (See [7, Theorem 1.1].) If n 4 is an integer and
C ∈ {1,2,3,5,6,10,11,13,17},
then the equation
xn + yn = Cz2
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(n,C, x, y, z) ∈ {(5,2,3,−1,±11), (5,11,3,2,±5), (4,2,1,−1,±1)}.
Lemma 7. (See [14,18,15].) The Mordell equations Y 2 = X3+27, Y 2 = X3−27 and Y 2 = X3+216 have only
trivial solutions (X, Y ) = (−3,0), (X, Y ) = (3,0) and (X, Y ) = (−6,0), respectively. The Mordell equation
Y 2 = X3 − 216 has integer solutions (X, Y ) = (6,0), (10,28), (33,189).
Lemma 8. (See [10, Theorem 2].) Let D1 and D2 be coprime square-free positive integers and denote by h
the class number of the quadratic ﬁeld Q (
√−D1D2 ). Let m  0 and n  5 be integers with n prime and
gcd(n,2h) = 1. The equation
D1x
2 + 22mD2 = yn, in positive integers x > 0 and y > 1 odd
has only the solutions x2 + 19 = 555 and x2 + 341 = 3775 .
Lemma 9. Let a be positive even integer. Suppose
α = a + i, β = a − i, (2.2)
and
U (m) = α
m − βm
α − β , m ∈ Z. (2.3)
Then we have:
(i) When m > 0, Um is non-zero integer; when m < 0, c−mU (m) = −U (−m), where
c = a2 + 1. (2.4)
(ii) For positive odd integers n1 , n2 and n1 < n2 , we have
U (n2) ≡ cn1U (n2 − 2n1)
(
mod
∣∣U (n1)∣∣). (2.5)
Proof. (i) When m > 0, by comparing (2.1) and (2.3), we know Um is non-zero integer. When m < 0,
from (2.2) and (2.4), we know αβ = c, so by computing directly from (2.3), we have c−mU (m) =
−U (−m).
(ii) From (2.3) and (2.4), we have
(
αn2−n1 + βn2−n1)U (n1) = (αn2−n1 + βn2−n1)
(
αn1 − βn1
α − β
)
=
(
αn2 − βn2
α − β
)
− (αβ)n1
(
αn2−2n1 − βn2−2n1
α − β
)
= U (n2) − cn1U (n2 − 2n1). (2.6)
From (2.2), we know αn2−n1 + βn2−n1 is a rational integer. So from (2.6), we get (2.5) holds. This
completes the proof of Lemma 9. 
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solutions q = 11, (x, y,n) = (4,3,3), (58,15,3); q = 19, (x, y,n) = (18,7,3), (22434,55,5); q = 67,
(x, y,n) = (110,23,3), we only need to solve
x2 + 163 = yn, x, y,n ∈ N, n 3. (2.7)
When m > 1 and 2 m, we have m = 2k + 1, k  1. From Lemma 2, we know that, besides having
the solution
q = 19, n = 5, m = 10M + 1, x = 22434 · 195M , y = 55 · 192M ,
we only need to solve the following two equations:
x2 + q2k+1 = y3, x, y,k ∈ N, q ∈ {11,19,43,67,163} (2.8)
and
x2 + q2k+1 = y4, x, y,k ∈ N, q ∈ {11,19,43,67,163}. (2.9)
It is easy to see (2.9) has no positive integer solutions. Indeed, if x is odd, then y is even. By con-
sidering (2.9) modulo 8, we get 1 + 3 ≡ 0 (mod 8), a contradiction. If x is even, then y is odd. By
considering (2.9) modulo 8, we get 0+ 3 ≡ 1 (mod 8) or 4+ 3 ≡ 1 (mod 8), a contradiction.
When m > 1 and 2|m, we have m = 2k, k  1. If (x, y) = 1, then q|x, q|y. Suppose qs‖x, qt‖y. We
obtain
q2s X2 + q2k = qntY n, X, Y ,k,n, t ∈ N, n 3, q ∈ {11,19,43,67,163}, q  XY . (2.10)
Clearly, either 2k = nt  2s, or 2s = 2k < nt , or 2s = nt < 2k. So (2.10) can be written as
x2 + 1 = yn, x, y,n ∈ N, n 3 (2.11)
or
x2 + 1 = qnt−2k yn, x, y,n, t,k ∈ N, n 3, nt − 2k 1, q ∈ {11,19,43,67,163} (2.12)
or
x2 + q2k = yn, x, y,n,k ∈ N, (x, y) = 1, n 3, q ∈ {11,19,43,67,163}. (2.13)
(2.11) has been solved by Lebesgue [17]. By considering (2.12) modulo q ≡ −1 (mod 4), we get
(2.12) has no solution for (−1q ) = −1. To (2.13), from Lemma 3, we know that, besides having the
solution
q = 11, n = 3, m = 6M + 2, x = 2 · 113M , y = 5 · 112M ,
we only need to solve the following equation:
x2 + 1632k = yn, x, y,k,n ∈ N, (x, y) = 1, n 3. (2.14)
From the discussion above, we know that, to prove Theorem 1, we only need to solve (2.7), (2.8)
and (2.14). We give their solutions separately in Sections 3, 4 and 5.
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Theorem 2. The equation x2 + 163 = yn has no positive integer solutions when n 3.
Proof. Obviously, (x, y) = 1. If 2|n, then (y n2 − x)(y n2 + x) = 163, hence y n2 − x = 1, y n2 + x = 163,
we obtain y
n
2 = 82. It is impossible when n  3. So 2 n. Without loss of generality we can assume
that n = p is an odd prime. If x is odd and y is even, then by considering (2.7) modulo 8, we get
a contradiction. So x is even and y is odd. Thus x + √−163 and x − √−163 are coprime. Since the
units in Q (
√−163 ) are just ±1, we can assume without loss of generality that
x+ √−163 =
(
A + B√−163
2
)p
, A, B ∈ Z, y = A
2 + 163B2
4
. (3.1)
Obviously, A ≡ B (mod 2). Comparing the imaginary parts of the two sides in (3.1), we have
2p = B
p−1
2∑
r=0
(
p
2r + 1
)
Ap−2r−1
(−163B2)r . (3.2)
If B = ±1, then
±2p =
p−1
2∑
r=0
(
p
2r + 1
)
Ap−2r−1(−163)r .
By considering the previous equation modulo p, we get ±2 ≡ ±2p ≡ (−163) p−12 ≡ (−163p ) ≡
0,±1 (mod p), which implies that p = 3 and then ±8 = 3A2 − 163. It is impossible.
If 2|B , then suppose B = 2b, A = 2a, we get y = a2 + 163b2. (3.2) is written as
1 = b
p−1
2∑
r=0
(
p
2r + 1
)
ap−2r−1
(−163b2)r . (3.3)
So b = ±1, y = a2 + 163, 2|a and
±1 =
p−1
2∑
r=0
(
p
2r + 1
)
ap−2r−1(−163)r .
Since 2|a, by considering the previous equation modulo 4, we get ±1 ≡ 1 (mod 4), b = 1 and
1 =
p−1
2∑
r=0
(
p
2r + 1
)
ap−2r−1(−163)r . (3.4)
From the discussion above, we know that, x + √−163 = (a + b√−163 )p , where b = ±1. Let α =
a + √−163, β = a − √−163. Then we have αp − β p = (a + √−163 )p − (a − √−163 )p = 2√−163 =
α − β . So Lp(α,β) = αp−β pα−β = 1. It is obvious that (α,β) is a Lucas pair, so by Lemma 4 [6] Lp(α,β)
always has a primitive divisor when p > 30. We see from Table 1 of Theorem C and Table 3 of Theo-
rem 1.3 in [6], |Lp(α,β)| > 1 for a prime p < 30. Therefore, (2.7) has no positive integer solutions. 
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Theorem 3. The equation x2 + q2k+1 = y3 has the only positive integer solution (x, y,q,k) = (9324,443,
11,1) when q ∈ {11,19,43,67,163}.
Proof. If (x, y) = 1, then q|x, q|y. Suppose qs‖x, qt‖y. We get
q2s X2 + q2k+1 = q3t Y 3, X, Y ,k, t ∈ N, q ∈ {11,19,43,67,163}, q  XY . (4.1)
Clearly, either 2k + 1 = 3t  2s, or 2s = 3t < 2k + 1. So (2.8) can be written as
qx2 + 1 = y3, x, y ∈ N, q ∈ {11,19,43,67,163} (4.2)
or
x2 + q2k+1 = y3, x, y ∈ N, (x, y) = 1, k ∈ Z, q ∈ {11,19,43,67,163}. (4.3)
First, we consider (4.2). If x is odd and y is even, then by considering (4.2) modulo 8, we obtain
q + 1 ≡ 3+ 1 ≡ 0 (mod 8), a contradiction. Thus x is even and y is odd. So 1+ x√−q and 1− x√−q
are coprime. Since the roots of units in Q (
√−q ) are ±1 and −q ≡ 1 (mod 4), we get
1+ x√−q =
(
a + b√−q
2
)3
, a,b ∈ Z, y = a
2 + qb2
4
. (4.4)
So 23(1 + x√−q ) = a(a2 − 3qb2) + (3a2 − qb2)b√−q. Comparing the real parts of the two sides in
previous equation, we have 23 = a(a2 − 3qb2). It is easy to check a = 2, b = 0. Therefore y = 1, x = 0,
a contradiction.
Second, we consider (4.3). If k = 0, then from Lemma 1 and Theorem 2, we know (4.3) has only
positive integer solutions q = 11, (x, y,n) = (4,3,3), (58,15,3); q = 19, (x, y,n) = (18,7,3); q = 67,
(x, y,n) = (110,23,3). So next we suppose k > 0. If x is odd and y is even, then by considering (4.3)
modulo 8, we obtain 1 + q ≡ 1 + 3 ≡ 0 (mod 8), a contradiction. Thus x is even and y is odd. So
x+ qk√−q and x− qk√−q are coprime and we obtain
x+ qk√−q =
(
A + B√−q
2
)3
, A, B ∈ Z, y = A
2 + qB2
4
. (4.5)
From y = A2+qB24 , we know both A and B are odd or both A and B are even. Comparing the imaginary
parts of the two sides in (4.5), we have
23 · qk = B(3A2 − qB2). (4.6)
If both A and B are odd, then from (4.6) we get B|qk . When B = ±ql , 0  l < k, we get
±qk−l = 3A2 − qB2 = 3A2 − q2l+1. Hence q|3A2, q|A, q|y, it contradicts with (x, y) = 1 in (4.3). So
B = ±qk,±23 = 3A2 − qB2 = 3A2 − q2k+1. We have
q2k+1 ± 23 = 3A2. (4.7)
When 2k + 1 has a prime divisor  7, we apply Lemma 5 to conclude that (4.7) has no integer
solutions. When 2k + 1 = 3, we have (9A)2 = (3q)3 ± 216. By Lemma 7, we know (A,q) = (21,11).
When 2k+1 = 5, we have 3A2 ±8 = q5. By Lemma 8, we know 3A2 +8 = q5 has no integer solutions.
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we study it in the real quadratic ﬁeld Q(
√
6 ). The class number of Q(
√
6 ) is 1 and we rewrite this
equation as
(A
√
6+ 4)(A√6− 4) = [(√6+ 2)(√6− 2)][(5+ 2√6 )(5− 2√6 )] j[(u + v√6 )(u − v√6 )]5,
where u, v ∈ Z, q = u2 − 6v2, j ∈ {0,±1,±2}, ε = 5 + 2√6 is the fundamental unit of Q(√6 ) and
2 = (√6+ 2)(√6− 2). So
A
√
6+ 4 = (√6± 2)(5+ 2√6 ) j(u + v√6 )5, A,u, v ∈ Z, j ∈ {0,±1,±2}.
Because
√
6+ 2 = (√6− 2)(5+ 2√6 ), we only need to resolve
A
√
6+ 4 = (√6+ 2)(5+ 2√6 ) j(u + v√6 )5, A,u, v ∈ Z, j ∈ {0,±1,±2}. (4.8)
Comparing the rational parts of the two sides in (4.8) and multiplying 12 leads to the desired Thue
equations. By taking a closer look at these equations it follows by symmetry reasons that it suﬃces
to restrict further considerations to the case with j  0. We distinguish three cases: When j = 0, we
get Thue equation
2 = u5 + 15u4v + 60u3v2 + 180u2v3 + 180uv4 + 108v5. (4.9)
When j = 1, we get Thue equation
2 = 11u5 + 135u4v + 660u3v2 + 1620u2v3 + 1980uv4 + 972v5. (4.10)
When j = 2, we get Thue equation
2 = 109u5 + 1335u4v + 6540u3v2 + 16020u2v3 + 19620uv4 + 9612v5. (4.11)
We solved these three Thue equations by applying the ThueSolve function in MAGMA, and no solution
was found. Thus (4.8) has only one positive integer solution (q,k, A) = (11,1,21) and (4.3) has a
positive integer solution (x, y) = (9324,443). So (1.4) has the following positive integer solution:
q = 11, x = 9324 · 113M , y = 443 · 112M , m = 6M + 3, n = 3.
If both A and B are even, suppose 2a = A, 2b = B , then from (4.5), (4.6) we have
qk = b(3a2 − qb2), y = a2 + qb2. (4.12)
Thus b|qk . When b = ±ql , 0  l < k, from (4.12), we obtain ±qk−l = 3a2 − qb2 = 3a2 − q2l+1. Hence
q|3a2, q|a, q|y, it contradicts with (x, y) = 1 in (4.3). So b = ±qk and ±1 = 3a2 − qb2 = 3a2 − q2k+1.
We have
q2k+1 ± 1 = 3a2. (4.13)
When 2k + 1 4, we apply Lemma 6 to conclude that (4.13) has no positive integer solutions. When
2k + 1 = 3, we have (9a)2 = (3q)3 ± 27. From Lemma 7, we know (4.13) has no positive integer
solutions. Thus (4.3) and (1.4) have no positive integer solutions when both A and B are even. 
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Theorem 4. The equation x2 + 1632k = yn has no positive integer solution when n 3, (x, y) = 1.
Proof. If x is odd, then y is even. By considering (2.14) modulo 8, we obtain 1+ 1 ≡ 0 (mod 8). So x
is even and y is odd. We consider two cases:
Case 1. When 4|n, we have
x2 + 1632k = y4, x, y,k ∈ N, (x, y) = 1. (5.1)
Case 2. When p|n, p is an odd prime, we have
x2 + 1632k = yp, x, y,k ∈ N, (x, y) = 1, p is an odd prime. (5.2)
First, we consider (5.1). We rewrite (5.1) as
(
y2 − x)(y2 + x)= 1632k. (5.3)
Since x is even and y is odd, we have that y2 − x and y2 + x are coprime. Thus
y2 − x = 1, y2 + x = 1632k,
which leads to
(
163k
)2 + 1 = 2y2. (5.4)
When 2k  4, from Lemma 6, we know (5.4) has no solutions. When 2k = 2, we get y2 = 1632+12 =
13285. It is impossible.
Second, we consider (5.2). We look again at the equation
(
x+ 163ki)(x− 163ki)= yp .
Since x is even and y is odd, we get that x+ 163ki and x− 163ki are coprime in Z[i]. Since p is odd
and the units of Z[i] have orders dividing 4, we get that there exist integers a,b such that if we put
α = a + bi, β = a − bi, (5.5)
then
x+ 163ki = αp, x− 163ki = β p . (5.6)
The above equations lead to
163k
b
= α
p − β p
α − β ∈ Z. (5.7)
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b = ±163l, 0 l k. (5.8)
From (5.5), we know α +β = 2a and αβ = a2 +b2 are non-zero coprime rational integers, so (α,β) is
a Lucas pair. The sequence {Ln}n0 of general term Ln = αn−βnα−β is a Lucas sequence of integers. By the
extension of the Primitive Divisor Theorem of Carmichael to Lucas sequences with complex conjugated
roots by Bilu, Hanrot and Voutier [9], we know that if p > 30 is a prime, then {Lp = αp−β pα−β } must
have a prime factor q ≡ ±1 (mod p). Because Lp = 163k−l and q = 163, we obtain p = 41. Therefore,
we have
x+ 163ki = (a + bi)41, a,b ∈ Z, (a,b) = 1, y = a2 + b2. (5.9)
From (5.9), we get
163k = b
20∑
r=0
(
41
2r + 1
)
a40−2r
(−b2)r . (5.10)
From (5.7), we have
163k = b∣∣L41(α,β)∣∣. (5.11)
When l > 0, from (5.5) we know (α −β)2 = −4b2. So from (5.8) and (5.11) we know L41(α,β) has no
primitive divisor. But according to Lemma 4, it is impossible. Thus we get l = 0. From (5.8), we have
b = ±1 and
y = a2 + 1. (5.12)
Because y is odd, a is even. α and β can be written as the form of (2.2)
α = a + i, β = a − i. (5.13)
And from (2.1), (2.3) and (5.11), we have
163k = ±U (41). (5.14)
When 2 k, 163k ≡ −1 (mod 41) and
U (41) ≡
20∑
r=0
(−1)r
(
41
2r + 1
)
a40−2r ≡ 1 (mod 41). (5.15)
From (5.14), we get
163k = −U (41). (5.16)
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4 · 41 · 163
k + 1
163+ 1 = a
2
((
41
39
)
−
(
41
37
)
a2 + · · · −
(
41
1
)
a38
)
. (5.17)
When k is odd, 163
k+1
163+1 is also odd, so the left side of (5.17) is not divided by 8. And a is even and(41
2
)= 820 is also even, so the right of (5.17) is divided by 8. Therefore, (5.17) has no solutions. When
2|k, 163k ≡ 1 (mod 41) and from (5.14) and (5.15), we get
163k = U (41). (5.18)
From (2.2) and (2.3), we have
U (3) = 3a2 − 1 ≡ −1 (mod 4). (5.19)
Because k is even, from (5.18) we get
1 =
(
163k
U (3)
)
=
(
U (41)
U (3)
)
, (5.20)
where ( ∗∗ ) is Jacobi Symbol. From (ii) of Lemma 9, we get
U (41) ≡ y3U (35) (mod U (3)) (5.21)
and
(
U (41)
U (3)
)
=
(
y3U (35)
U (3)
)
=
(
y3
U (3)
)(
U (35)
U (3)
)
. (5.22)
Because a is even and y = a2 + 1 ≡ 1 (mod 4), from (5.19), we get
(
y3
U (3)
)
=
(
y
U (3)
)
=
(
a2 + 1
3a2 − 1
)
=
(
3a2 − 1
a2 + 1
)
=
( −4
a2 + 1
)
= 1. (5.23)
Therefore, we obtain
(
U (41)
U (3)
)
=
(
U (35)
U (3)
)
. (5.24)
Repeatting this process, from (5.20) and (5.24), we have
1 =
(
U (41)
U (3)
)
=
(
U (35)
U (3)
)
= · · · =
(
U (5)
U (3)
)
. (5.25)
Because U (5) ≡ y3U (−1) (mod U (3)), from (i) of Lemma 9 and (2.3), we have yU (−1) = −U (1) = −1
and
(
U (5)
U (3)
)
=
(
y3U (−1)
U (3)
)
=
(
yU (−1)
U (3)
)
=
( −1
U (3)
)
= −1. (5.26)
H.L. Zhu, M.H. Le / Journal of Number Theory 131 (2011) 458–469 469From (5.25) and (5.26), we know (5.9) has no solutions. When p ∈ [5,29], since Lp is a power of
163, we get that Lp is lacking primitive divisors. There are only ﬁnitely many possibilities for the pair
(p, Lp) and all such instances appear in Table 1 and Table 3 in the paper [6]. A quick inspection of
those two tables reveals that there exists no defective (i.e., without primitive divisors) Lucas number
Lp whose roots α and β are in Z[i]. Thus, there are no more solutions to our original equation. 
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